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Abstract. We upgrade the study of the physical reach of a neutrino factory in the four-family neutrino
mixing scenario, taking into account the latest LSND results, which point out how the 3+1 scheme cannot
be completely ruled out within the present experimental data (although the 2 + 2 scheme is still the
preferred choice when four neutrinos are considered). A detailed comparison of the physical reach of the
ν factory in the two schemes is given, with similar results for the sensitivity to the mixing angles. Huge
CP -violating effects can be observed in both schemes with a near, O(10) km, detector of O(10) kton size
in the νµ → ντ channel. A smaller detector of 1 kton size can still observe very large effects in this channel.

1 Introduction

Indications in favor of neutrino oscillations have been ob-
tained both in solar neutrino [1–5] and atmospheric neu-
trino [6–10] experiments. The latest atmospheric neutrino
data imply ∆m2atm ∼ (1.6–4) × 10−3 eV2 [11], whereas
the solar neutrino data prefer ∆m2sun ∼ 10−10 or 10−7–
10−4 eV2, depending on the particular solution for the so-
lar neutrino deficit. The LSND data [12,13], on the other
hand, would indicate a ν̄µ → ν̄e oscillation with a third,
very distinct, neutrino mass difference: ∆m2LSND ∼ 0.3–
6 eV2. The LSND evidence in favor of neutrino oscilla-
tions has not been confirmed by other experiments so far.
However, the MiniBooNE experiment [14] will be able to
confirm or falsify it in the near future. If the LSND results
are confirmed we would face three independent pieces of
evidence for neutrino oscillations characterized by squared
mass differences that are quite well separated. To explain
the whole ensemble of data at least four different light neu-
trino species are needed. The new light neutrino is denoted
as sterile [15], since it must be an electroweak singlet to
comply with the strong bounds on the Z0 invisible decay
width [16]. We stress that three massive light neutrinos
cannot explain all the present experimental results, as has
been shown with detailed calculations in [17].

There are two, very different, classes of four neutrino
spectra: three almost degenerate neutrinos and an isolated
fourth one, or two pairs of almost degenerate neutrinos
divided by the large LSND mass gap. The two classes of
mass spectra are usually called the 3+1 and 2+2 schemes
[18], respectively. All the present experimental evidence
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for neutrino oscillations have been combined in the liter-
ature in order to identify which of the two classes of mass
spectra better adapts to the data. The experimental re-
sults were strongly in favor of the 2 + 2 scheme [19] until
the latest LSND results have been presented in June 2000
[20] (see [13]). The new analysis of the experimental data
results in a shift of the allowed region towards smaller
values of the mixing angle, sin2(2θLSND), reconciling the
3 + 1 scheme with exclusion bounds coming from CDHS
[21], CCFR [22] and Bugey [23]. Although the 2+2 scheme
is still favored1, the 3 + 1 scheme is at present marginally
compatible with the data, [25–28]. However, the 2+2 and
the 3 + 1 scheme face the upcoming experiments on a to-
tally different footing: if MiniBooNE disconfirms LSND,
the 2+2 scheme is falsified. On the contrary, it is not pos-
sible to falsify the 3+1 scheme: we can always consider an
extension of the standard model with three light neutrinos
and a fourth sterile one, separated by some squared mass
difference, ∆m2(1,2,3)−4. The implication of a negative re-
sult of MiniBooNE is just ∆m2(1,2,3)−4 �= ∆m2LSND.

The specific form of the neutrino mass spectrum ap-
pears, therefore, one of the (many) open questions related
to the lepton sector of the standard model.

Four neutrino oscillations imply a Maki–Nakagawa–
Sakata (MNS) 4×4 mixing matrix, with 6 rotation angles
θij and 3 phases δi (for Majorana neutrinos, 3 additional
phases are allowed, but these are not testable in oscillation
experiments, and therefore will not be considered here). A
neutrino factory [29,30] seems to be the best option to ex-

1 A novel Bayesian analysis of the exclusion bounds, in the
spirit of [19] has been presented in [24], claiming that the 3+1
scheme is allowed at the 99% CL only, but not at the 95% CL
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plore this huge parameter space. The µ± decay into the
straight section of a muon storage ring should produce a
very intense and pure neutrino beam. The rich flavor con-
tent (50% of νµ(ν̄µ) and 50% of ν̄e(νe) are simultaneously
produced), finally, makes the neutrino factory well suited
for precision studies of the MNS mixing matrix, hopefully
including the discovery of leptonic CP -violation [31,32].
The following scheme reminds one that at the neutrino
factory µ and τ appearance channels can also be used, in
combination with the µ and e disappearance experiments:

e−, τ−

↑
νe, ντ

↑
µ− → e− νµ ν̄e → µ−, e+ (1)

↓
ν̄µ, ν̄τ

↓
µ+, τ+

In [33–35] the “wrong-sign muon” channel (µ+ appearance
in a µ− beam) has been shown to be extremely useful to
explore the parameter space of three-family neutrino mix-
ing, with particular interest in the measure of the (sin-
gle) CP -violating phase, thus deserving the nickname of
“golden measurement” at a neutrino factory. This has to
be compared with a conventional beam experiment (using
muon neutrinos from pion decay), such as K2K or the ap-
proved FermiLab to Soudan long baseline experiment. In
these experiments, mainly the µ disappearance channel is
exploited.

In [36,37] it was shown that a neutrino factory with
10–50GeV muons can attain a sin2(θij) as low as 10−5–
10−3 for ∆m2LSND ∈ [10−1, 101] eV2. Moreover, it was
found that sizable CP -violating effects can be observed
in the νµ → ντ channel with a 1 kton detector located at
O(10) km. This analysis has been performed in the 2 + 2
scheme, the only one allowed at that moment. The first
motivation for this paper is, therefore, the comparison of
what has been found for the 2 + 2 scheme with the same
kind of analysis in the, by now marginally allowed, 3 + 1
scheme. A better understanding of the oscillation proba-
bility structure is a natural by-product of this analysis,
both for the CP -conserving and the CP -violating part.
In particular, we found a simple argument that shows
that the νµ → ντ channel is the best suited one for CP -
violation experiments in four-neutrino mixing, to be com-
pared with the three-family mixing where νe → νµ hap-
pens to be optimal. Finally, the same argument justifies
the loss in sensitivity to small mixing angles in the 3 + 1
scheme with respect to the 2 + 2 scheme.

The considered set-up is, as in [36,37], a neutrino fac-
tory with 2 × 1020µ+ and µ− decaying in the straight
section of a 10–50GeV muon storage ring per year, and 5
years of data taking. Muon energies in this range are at

present under discussion. The higher energy range allows
a good background rejection to be reached [38]; moreover,
the integrated flux times the cross-section increases with
Eµ. A high-energy neutrino factory seems therefore the
best option, with the energy mainly limited by cost consid-
erations. However, although the total number of charged
leptons into the detector increases with the parent muon
energy, the flux of low energy neutrinos decreases. If low
energy neutrinos are needed (for example, to study CP -
violating observables strongly reducing the matter effects
[39,40]), this reduction in the flux should be taken into
account.

The mixing angles that relate neutrino mass eigen-
states with an LSND mass difference can be studied in
short baseline experiments, L ∼ 1 km. A small detector
with O(1) ton mass is, therefore, well suited to study the
whole gap-crossing parameter space (due to the large neu-
trino flux that illuminates the detector). To take full ad-
vantage of the rich flavor content of the beam, this detec-
tor should be equipped with τ -tracking and (µ, τ) charge
identification. If CP -violating observables are considered,
the best option is a larger one, an O(10) kton detector lo-
cated at O(10) km down the source. This set-up is equally
powerful both for the 2 + 2 and the 3 + 1 schemes, and
should be compared with the typical set-up needed when
three-family neutrino mixing is considered.

We also try to answer the following question: is it pos-
sible to explore the whole parameter space with a different
detector, with no τ -tracking, but taking full advantage of
the energy dependence of the transition probabilities, in
the spirit of [33]? We focus on the νe → νµ channel in the
3+ 1 scheme, with a realistic 10 kton magnetized iron de-
tector of the type presented in [38] located at L = 40 km
down the source. The neutrino factory is run with 2×1020
useful muons per year for 5 operational years for both
muon polarities, at Eµ = 50GeV, with a detector en-
ergy resolution of ∆Eν = 10GeV. A detailed estimate
of the backgrounds and detection efficiencies of the con-
sidered detector has been presented in [33]. The energy
dependence of the oscillation probabilities could in prin-
ciple help in the measurement of 2 gap-crossing angles,
or an angle and a CP -violating phase, at a time. In the
latter case, we find results similar to those in [33]: we can
easily reconstruct the phase and the angle at the same
time, with an error of tens of degrees on δi and of tenths
of degree on the angle. However, it seems extremely dif-
ficult to measure 2 gap-crossing angles at a time in the
νe → νµ channel. Our conclusion is that to fully explore
the parameter space of the four-family model a detector
with τ -tracking is needed.

This paper is organized as follows: in Sect. 2 we intro-
duce our parameterization of the MNS mixing matrix both
for the 2 + 2 and 3 + 1 schemes; in Sect. 2.1 the present
bounds on the mixing angles coming from existing experi-
ments are given; in Sect. 2.2 we describe the neutrino fac-
tory and detector set-up; in Sect. 3 we present our results
for the sensitivity of the neutrino factory to the mixing
angles (in the case of no CP -violation), comparing the
2+ 2 and 3+ 1 schemes; in Sect. 4 we extend our analysis
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Fig. 1. Different types of four-family neutrino mass spectrum:
3 + 1 scenarios (left); 2 + 2 scenarios (right)

to the CP -violating observables; in Sect. 5 we study the
possibility of measuring 2 gap-crossing angles or an angle
and a phase at a time exploiting the energy dependence of
the transition probabilities; in Sect. 6 we finally draw our
conclusions.

2 The four-neutrino mixing matrix

When four neutrinos are considered, two very different
classes of mass spectrum are possible: three almost degen-
erate (mainly active) neutrinos, accounting for the solar
and atmospheric oscillations, separated from the fourth
(mainly sterile) one by the large LSND mass difference,
∆m2LSND; or two almost degenerate neutrino pairs, ac-
counting respectively for the solar and atmospheric oscil-
lations, separated by the LSND mass gap. The two mass
spectrum classes are depicted in Fig. 1. We refer to these
possibilities as the 3+1 and 2+2 scenarios. There are four
3+1 and two 2+2 scenarios depending on the specific or-
dering of the mass differences. Notice that the intriguing
hierarchical and inverted hierarchical mass spectrum are
3 + 1 scenarios.

It has been shown in [19] that the combined analysis
of solar, atmospheric and LSND data disfavors the 3 + 1
scheme. For this reason, the 2 + 2 scheme has been care-
fully studied in the recent literature (see, for example, [41,
42] and references therein). Consider for definiteness the
rightmost scenario, namely the lower pair accounting for
the solar neutrino deficit and the higher pair for the at-
mospheric one (the other possibility directly follows by
changing the sign of the ∆m2LSND). The νµ is therefore in
the heavier pair and the νe in the lighter one. Is the ster-
ile neutrino, νs, responsible for the observed atmospheric
oscillations or for the solar neutrino deficit? The latest
SuperKamiokande results for the atmospheric neutrinos2
disfavor total conversion of νµ into the sterile neutrino at
99% CL [44]. Moreover, the conversion of νe solar neu-
trinos into active neutrinos gives better global fits of the
experimental data, with respect to active-into-sterile con-
version [45]. Although partial conversion of νµ → νs or

2 In particular, the zenith angle distribution of the upward-
going muons [43], the partially contained multi-ring events and
the neutral current data sample

νe → νs is not excluded (with a sterile component in the
atmospheric oscillation as large as 50% [46]), the present
solar and atmospheric data suggest active-to-active oscil-
lations. The active-to-sterile oscillation should therefore
be responsible only for the LSND results. This scenario
appears quite unnatural in the framework of the 2 + 2
scheme.

The latest analysis of the LSND data [20], however,
shows a shift of the allowed region for the LSND two-
family equivalent mixing angle, sin2(2θLSND), towards
smaller values. This reconciles the 3 + 1 scheme with the
exclusion bounds coming from CDHS [21], CCFR [22] and
Bugey [23]. In the 3+1 scheme, the three almost degener-
ate neutrinos are mainly active and the separated fourth
is mainly sterile; the gap-crossing mixing angles are gener-
ally small. In this scenario, the interpretation of solar and
atmospheric oscillations as active-to-active and LSND as
active-to-sterile naturally arises: this scheme is a defor-
mation of the standard model, slowly decoupling as the
gap-crossing mixing angles become smaller and smaller
(and thus, the sterile one becomes irrelevant).

Given n light neutrino species, the most general mix-
ing matrix is an n × n unitary matrix [47], UMNS. For
n = 4, the MNS matrix contains 6 independent rotation
angles θij and 3 (if the neutrinos are Dirac fermions) or 6
(if the neutrinos are Majorana fermions) phases δi. How-
ever, oscillation experiments are only sensitive to the first
3 phases, the effect of the Majorana phases being sup-
pressed by factors of mν/Eν . The Majorana or Dirac na-
ture of neutrinos can thus be tested only in ∆L = 2 tran-
sitions such as neutrino-less double β decay [48]. In the
following analysis, with no loss in generality, we will re-
strict ourselves to Dirac-type neutrinos only. We consider
a hierarchical 3 + 1 spectrum and a class II-B 2 + 2 spec-
trum, for definiteness.

This large parameter space (6 angles and 3 phases, to
be compared with the standard three-family mixing case
of 3 angles and 1 phase) is actually reduced to a smaller
subspace whenever some of the mass differences become
negligible. Consider the measured hierarchy in the mass
differences,

∆m2sol � ∆m2atm � ∆m2LSND, (2)

and define

∆ij =
∆m2ijL

4Eν
. (3)

At short distance, L = O(1) km, for neutrinos up to
O(10)GeV,

∆sol, ∆atm � 1,
∆LSND = O(1). (4)

Therefore, it is natural at short distances to neglect the
solar and atmospheric mass difference and to work in a
reduced parameter space. This approximation is called
“one-mass dominance” [49]. In the 2 + 2 scheme, neglect-
ing the smaller mass differences implies that rotations in
the (1–2) and (3–4) planes are irrelevant. Thus, it is not
possible to measure the rotation angles in these planes
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Table 1. Parameter space in four-neutrino models: for Dirac
neutrinos we consider the general case (three non-zero mass
differences) and the one- and two-mass dominance approxima-
tions; for Majorana neutrinos we consider the general case only

Angles Dirac Majorana
CP -phases CP -phases

Majorana ν’s 6 3 3
Dirac ν’s 6 3 0
Dirac ν’s 5 2 0
∆m2

12 = 0
2 + 2
Dirac ν’s 4 1 0
∆m2

12 = ∆m2
34 = 0

3 + 1
Dirac ν’s 3 0 0
∆m2

12 = ∆m2
34 = 0

in oscillation experiments. Two CP -violating phases also
become irrelevant, and therefore the reduced parameter
space in the 2+2 scheme contains 4 rotation angles and 1
phase. In the 3+1 scheme, neglecting the solar and atmo-
spheric mass differences implies that rotations in the whole
three-dimensional subspace (1–2–3) are irrelevant for os-
cillation experiments, and the physical parameter space
contains just 3 rotation angles and no phases. When con-
sidering CP -violating phenomena, however, at least two
mass differences should be taken into account: in this case
we neglect the solar mass difference and consider the atmo-
spheric mass difference a perturbation. This is called the
“two-mass dominance” approximation. In this approxima-
tion, regardless of the scheme, the parameter space con-
tains 5 angles and 2 phases. The number of independent
parameters of the MNS mixing matrix in four-neutrino
models is summarized in Table 1.

A generic rotation in a four-dimensional space can be
obtained by performing 6 different rotations Uij in the
(i–j) plane, resulting in plenty of different parameteriza-
tions of the mixing matrix (and still not taking into ac-
count the 3 CP -violating phases). However, in [36,37] was
shown how the one-mass dominance and two-mass domi-
nance approximations can be implemented in a transpar-
ent way (in the sense that only the physical parameters
appear in the CP -conserving and CP -violating oscillation
probabilities). A convenient parameterization of the mix-
ing matrix is that in which the rotation matrices corre-
sponding to the most degenerate pairs of eigenstates are
located at the extreme right. If the eigenstates i and j
are degenerate and the matrix Uij is the rightmost one,
the corresponding angle θij automatically disappears from
the oscillation probabilities, and the parameter space gets
reduced to the truly observable angles and phases. If a dif-
ferent ordering of the rotation matrices is taken, no angle
disappears from the oscillation formulae, and a parameter
redefinition would be necessary to reduce the parameter
space to the observable sector.

In the 2+2 scheme, the following parameterization was
adopted in [36] implementing the previous argument:

UMNS = U14(θ14)U13(θ13)U24(θ24)U23(θ23, δ3)
× U34(θ34, δ2)U12(θ12, δ1). (5)

In the one-mass dominance approximation, the unphysi-
cal angles and phases (θ12, δ1) and (θ34, δ2) automatically
decouple. The oscillation probabilities in the appearance
channels are3

P 2+2CP (νe → νµ) = 4c213c
2
24c

2
23s

2
23 sin

2
(
∆m223L

4E

)
, (6)

P 2+2CP (νe → ντ ) = 4c223c
2
24

[
(s213s

2
14s

2
23 + c214c

2
23s

2
24)

−2c14s14c23s23s13s24 cos δ3
]
sin2

(
∆m223L

4E

)
, (7)

P 2+2CP (νµ → ντ ) = 4c223c
2
13

[
(s213s

2
14c

2
23 + c214s

2
23s

2
24)

+2c14s14c23s23s13s24 cos δ3
]
sin2

(
∆m223L

4E

)
; (8)

and in the disappearance channels are

P 2+2CP (νµ → νµ)

= 1 − 4c213c
2
23(s

2
23 + s213c

2
23) sin

2
(
∆m223L

4E

)
, (9)

P 2+2CP (νe → νe)

= 1 − 4c223c
2
24(s

2
24 + s223c

2
24) sin

2
(
∆m223L

4E

)
. (10)

Notice that the physical phase δ3 appears in the CP -
conserving transition probabilities in a pure cosine depen-
dence. No CP -odd observable can be built out of the os-
cillation probabilities in this approximation in spite of the
existence of a physical phase in the mixing matrix.

In the two-mass dominance approximation, new CP -
violating terms arise. Expanding the probabilities at first
order in ∆atm, we get4

✟✟P 2+2CP (νe → νµ) = −8c213c
2
23c24c34s23s24s34 sin(δ2 + δ3)

×
(
∆m234L

4Eν

)
sin2

(
∆m223L

4Eν

)
, (11)

✟✟P 2+2CP (νe → ντ ) = 8c23c24

×
{
c23c34s23s24s34(c214 − s213s

2
14) sin(δ2 + δ3)

+c14c34s13s14s34
× [

(s224 − s223) sin δ2 − s223s
2
24 sin(δ2 + 2δ3)

]
+c14c24s13s14s23s24(c234 − s234) sin δ3

}

3 In what follows, we separate the CP -even terms from the
CP -odd ones: P (να → νβ) = PCP (να → νβ) + ✟✟PCP (να →
νβ)

4 In [36,37] some misprints were present in the νe → ντ

formula that have been corrected here
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×
(
∆m234L

4Eν

)
sin2

(
∆m223L

4Eν

)
, (12)

✟✟P 2+2CP (νµ → ντ ) = −8c213c
2
23c14c24c34s34

× [c23s13s14 sin δ2 + c14s23s24 sin(δ2 + δ3)]

×
(
∆m234L

4E

)
sin2

(
∆m223L

4E

)
. (13)

Two distinct phases, δ2 and δ3, appear in these formulae
in a characteristic sine dependence which is the trademark
of CP -violating observables. CP -violating effects can only
be measured in appearance channels, whereas the disap-
pearance channels νe → νe and νµ → νµ are only sensitive
to the CP -even parameters,

✟✟PCP (νe → νe) = ✟✟PCP (νµ → νµ) = ✟✟PCP (ντ → ντ ) = 0.
(14)

In the 3+1 scheme, the following parameterization has
the same virtues as (5):

UMNS = U14(θ14)U24(θ24)U34(θ34)U23(θ23, δ3)
×U13(θ13, δ2)U12(θ12, δ1). (15)

This parameterization has the additional advantage that
the three-family model mixing matrix in its standard form
can be immediately recovered when θi4 = 0. For small gap-
crossing angles θi4, we expect a slight modification with
respect to the three-family model.

In the one-mass dominance approximation, the un-
physical angles and phases (θ12, δ1), (θ13, δ2) and (θ23, δ3)
automatically decouple. The oscillation probabilities in
the appearance channels are

P 3+1CP (νe → νµ) = 4c224c
4
34s

2
14s

2
24 sin

2
(
∆m234L

4E

)
, (16)

P 3+1CP (νe → ντ ) = 4c224c
2
34s

2
14s

2
34 sin

2
(
∆m234L

4E

)
, (17)

P 3+1CP (νµ → ντ ) = 4c234s
2
24s

2
34 sin

2
(
∆m234L

4E

)
; (18)

and in the disappearance channels are

P 3+1CP (νµ → νµ)

= 1 − 4c234s
2
24(c

2
24 + s224s

2
34) sin

2
(
∆m234L

4E

)
, (19)

P 3+1CP (νe → νe)

= 1 − 4c224c
2
34s

2
14(1 − s214c

2
24c

2
34) sin

2
(
∆m234L

4E

)
. (20)

As already stressed, angles and phases in the three-dimen-
sional physically irrelevant subspace are not present in
these formulae.

Finally, in the two-mass dominance approximation we
get, expanding at first order in ∆atm:

✟✟P 3+1CP (νe → νµ)=8 c234c23c24s14s24
{
− c13s14s23s34 sin δ2

+c14s13 [c13c23s24s34 sin δ3 + c24s23 sin(δ2 − δ3)]
}

×
(
∆m223L

4Eν

)
sin2

(
∆m234L

4Eν

)
, (21)

✟✟P 3+1CP (νe → ντ ) = 8c234c13c23c24s14s34
× [s14s23s24 sin δ2 − c14c23s13 sin δ3]

×
(
∆m223L

4Eν

)
sin2

(
∆m234L

4Eν

)
, (22)

✟✟P 3+1CP (νµ → ντ ) = −8 c234c23c24s23s24s34 sin δ2

×
(
∆m223L

4E

)
sin2

(
∆m234L

4E

)
. (23)

These formulae, both in the 2+2 and the 3+1 scheme,
will be used in Sects. 3 and 4 to explore the parameter
space of the four-family model at the neutrino factory.

2.1 Experimental bounds on the gap-crossing angles

We recall here the bounds on the rotation angles and
mass differences coming from the existing experiments.
The Bugey and CHOOZ experiments [23,50] give a strong
upper limit to the νe → νe disappearance two-family
equivalent mixing angle. In two families,

PCP (νe → νe) = 1 − sin2(2θ)exp sin2
(
∆m2LSNDL

4E

)
,

(24)
with sin2(2θ)exp ≤ 0.2 in the LSND-allowed region. The
positive result from LSND gives a lower limit on the νe →
νµ two-family equivalent mixing angle,

PCP (νµ → νe) = sin2(2θ)LSND sin2
(
∆m2LSNDL

4E

)
, (25)

with 10−3 ≤ sin2(2θ)LSND ≤ 1. These bounds, jointly
with the negative results from Karmen2 [51] and previ-
ous experiments such as CDHS and CCFR [21,22], must
be interpreted in the 2 + 2 and 3 + 1 scheme, extracting
information on the gap-crossing angles and mass differ-
ences.
(1) The 2 + 2 scheme. In the 2 + 2 scheme, that is still
favored by the data, the bound on the νe disappearance
translates into an upper limit on the combination

c223 sin
2(2θ24) + c424 sin

2(2θ23) ≤ 0.2, (26)

whereas the bound on the νe appearance implies

10−3 ≤ c213c
2
24 sin

2(2θ23) ≤ 10−2. (27)

These bounds suggest the conservative (or even “pes-
simistic”) hypothesis adopted in [36]: to consider the four
gap-crossing angles θ13, θ14, θ23 and θ24 to be equally small
in the mass difference region ∆m2LSND ∈ [10−1, 101] eV2.
We follow here the same hypothesis: all the gap-crossing
angles are small (i.e. less than 10◦), with the possible ex-
ception of one angle that we leave to vary in some interval.
The remaining angles θ12 and θ34 are directly the solar and



184 A. Donini, D. Meloni: The 2 + 2 and 3 + 1 four-family neutrino mixing at the neutrino factory

Fig. 2. The flavor content in the mass eigenstates with a rep-
resentative choice for the mixing angles: in the 2 + 2 scheme
with θ12 = 45◦, θ34 = 45◦, θ13 = θ14 = θ23 = θ24 = 5◦ (left);
in the 3 + 1 scheme with θ12 = 45◦, θ13 = 13◦, θ23 = 45◦, θ14 =
θ24 = θ34 = 5◦ (right). The different flavors are, from lightest
to darkest: νs; νµ; νe and ντ

atmospheric mixing angles in the two-family parameteri-
zation, respectively. The typical flavor content of the mass
eigenstates in the 2+2 scheme is presented in Fig. 2 (left).
(2) The 3 + 1 scheme. This scheme is only marginally al-
lowed (a recent study [24] shows that it is compatible with
the experimental data at the 99% CL only). However, it is
a natural extension of the three-family model. There are
four very small allowed regions in the two-family equiva-
lent parameter space [25]:

(1) ∆m234 � 0.3 eV2; sin2(2θ)LSND � 2 × 10−2;
(2) ∆m234 � 0.9 eV2; sin2(2θ)LSND � 2 × 10−3;
(3) ∆m234 � 1.7 eV2; sin2(2θ)LSND � 1 × 10−3;
(4) ∆m234 � 6.0 eV2; sin2(2θ)LSND � 2 × 10−3.

We restrict ourselves to case (2), for simplicity. In this
case, we get in our parameterization for the νe appearance
mixing parameter

c434s
2
14 sin

2(2θ24) � 2 × 10−3. (28)

This bound is consistent with the conservative hypothesis
of equally small gap-crossing angles θi4, that will be fol-
lowed in the rest of this paper. In the 3 + 1 scheme the
remaining angles, θ12, θ23 and θ13 can be obtained by the
combined analysis of solar and atmospheric data in the
three-family parameterization. The typical flavor content
of the mass eigenstates in the 3+1 scheme is presented in
Fig. 2 (right).

2.2 Experimental set-up: the neutrino factory
and the detector

In the muon rest frame, the distribution of muon antineu-
trinos (neutrinos) and electron neutrinos (antineutrinos)
in the decay µ± → e± + νe(ν̄e) + ν̄µ(νµ) is given by

d2N
dxdΩ

=
1
4π

[f0(x) ∓ Pµf1(x) cosϑ], (29)

where Eν denotes the neutrino energy, x = 2Eν/mµ and
Pµ is the average muon polarization along the beam di-
rections. ϑ is the angle between the neutrino momentum
vector and the muon spin direction and mµ is the muon
mass. The positron (electron) neutrino flux is identical in

Table 2. Flux functions

f0(x) f1(x)

νµ, e 2x2(3 − 2x) 2x2(1 − 2x)
νe 12x2(1 − x) 12x2(1 − x)

form to that for muon neutrinos (antineutrinos), when the
electron mass is neglected. The functions f0 and f1 are
given in Table 2 [52]. In the laboratory frame, the neu-
trino fluxes, boosted along the muon momentum vector,
are given by:

d2Nν̄µ,νµ

dydΩ
=

4nµ

πL2m6µ
E4µy

2(1 − β cosϕ)

×
{ [

3m2µ − 4E2µy(1 − β cosϕ)
]

∓Pµ

[
m2µ − 4E2µy(1 − β cosϕ)

] }
,

d2Nνe,ν̄e

dydΩ
=

24nµ

πL2m6µ
E4µy

2(1 − β cosϕ)

×
{ [
m2µ − 2E2µy(1 − β cosϕ)

]
∓Pµ

[
m2µ − 2E2µy(1 − β cosϕ)

] }
. (30)

Here, β = (1−m2µ/E
2
µ)
1/2, Eµ is the parent muon energy,

y = Eν/Eµ, nµ is the number of useful muons per year
obtained from the storage ring and L is the distance to
the detector. ϕ is the angle between the beam axis and
the direction pointing towards the detector. We shall con-
sider in what follows as a “reference set-up” a neutrino
beam resulting from the decay of nµ = 2 × 1020 unpolar-
ized positive and/or negative muons in one of the straight
sections of a muon storage ring (i.e. we do not consider
two baselines operating at the same time) per year. The
collected muons have energy Eµ in the range 10–50GeV.
This energy range is under discussion as a convenient goal
(a definite answer on which is the optimal energy to run
the neutrino factory is still missing). The angular diver-
gence δϕ is taken to be constant, δϕ ∼ 0.1mr.

The charged current neutrino and antineutrino inter-
action rates can be computed using the approximate ex-
pressions for the neutrino-nucleon cross-sections on an
isoscalar target5,

σνN ∼ 0.67 10−42 Eν

GeV
m2,

σν̄N ∼ 0.34 10−42 Eν

GeV
m2. (31)

To explore the whole CP -conserving parameter space
we need a detector with τ -tracking and (µ, τ) charge iden-
tification capability. As the dominant signals are expected
to peak at L/Eν ∼ 1/∆m2LSND, most of the parame-
ter space can be explored in short baseline experiments

5 For the ντ -nucleon interaction, we used the exact expres-
sion for the cross-section taking into account the τ -mass



A. Donini, D. Meloni: The 2 + 2 and 3 + 1 four-family neutrino mixing at the neutrino factory 185

(SLB), with L ∼ 1 km. At such a short distance from the
source the neutrino flux is so intense that a small detector
is well suited to study CP -conserving transitions. In what
follows we consider an hypothetical 1 ton detector, with
no detailed calculation of background and efficiencies as
a function of the neutrino energy. We consider a constant
background B at the level of 10−5 of the expected num-
ber of charged current events, NCC, and a constant recon-
struction efficiency εµ = 0.5 for µ± and ετ = 0.35 for τ±.
The number of expected charged leptons in the absence
of oscillations is Nµ− = 9.3× 108 and Ne+ = 4.0× 108 for
a µ− beam (Nµ+ = 4.7 × 108 and Ne− = 7.9 × 108 for a
µ+ beam). We also applied a conservative cut on the neu-
trino energy: neutrinos with Eν ≤ 5GeV have not been
included in our results.

To extend our analysis to the CP -violating parameter
space, a larger detector must be considered: we choose an
hypothetical 10 kton detector, located a bit farther from
the neutrino source, at L = O(10–100) km. Also in this
case µ and τ charge identification capability is needed,
the νµ → ντ transitions being the optimal channel to
observe CP -violation in a four-family model (as will be
explained in the following). The same background and re-
construction efficiencies as for the CP -conserving sector
are included, and again a fiducial cut on neutrinos with
Eν ≤ 5GeV is applied.

3 Sensitivity reach of the neutrino factory

We concentrate now on the sensitivity to the different gap-
crossing angles that appear in the oscillation probabilities
when only the LSND mass difference is taken into account,
namely (6)–(10) for the 2+2 scheme and (16)–(20) for the
3 + 1 scheme6.

We define the sensitivity in the appearance channel as
follows: the number of total expected events for a given
flavor να is

Ntot = NB
α ±∆NB

α +Nβ , (32)

where

NB
α = Nα ·B, (33)
Nβ = Nα〈P (να → νβ)〉, (34)

with Nα the number of expected events in the absence
of oscillations, B the fractional background (we consider
B = 10−5) and 〈P (να → νβ)〉 the transition probability
averaged over the να flux and the CC interaction cross-
section. Fluctuations over the background are taken to be
gaussian, ∆NB

α = (NB
α )1/2. The excluded zone at 90% CL

(following [53]) if no event is observed is the region to the
right of

Nβ = 1.65∆NB
α . (35)

6 Although we refer to the one- or two-mass dominance ap-
proximation formulae (in the section devoted to CP -violating
observables), all the numerical results have been obtained with
the exact expressions for the transition probabilities

The sensitivity in the disappearance channel is defined as
follows: the number of total expected events for a given
flavor να is

Ntot = Nα · (1 −B) ±∆[Nα · (1 −B)] −Nβ , (36)

where
Nβ =

∑
β �=α

Nα〈P (να → νβ)〉 (37)

summing over all flavors distinct from να. In this case
we compare Nβ with the gaussian fluctuation over Nα ×
(1 − B) (we notice that a background B at the level of
10−5 plays a marginal role, with respect to the appearance
case). Again, following [53], if no event is observed, the
region to the right of

Nβ = 1.65∆[Nα · (1 −B)] (38)

is excluded at 90% CL.

3.1 Sensitivity in the 2 + 2 scheme

We recall here the results of [36,37,54], albeit rederived
with slightly different input parameters. In the one-mass
dominance approximation, the CP -conserving parameter
space consists of 4 rotation angles (θ13, θ14, θ23 and θ24)
and 1 phase, δ3. In what follows we set δ3 = 0. The useful
channels to measure or put severe upper limits on the gap-
crossing angles at the neutrino factory are the following
(for a µ− decay):

ν̄e → ν̄µ → µ+ (µ+ appearance),

νµ → νµ → µ− (µ− disappearance),

ν̄e → ν̄τ → τ+ (τ+ appearance),
νµ → ντ → τ− (τ− appearance). (39)

In order to present the sensitivity to a specific sin2 θ,
we adopt the following approach: we vary sin2 θ between
10−7 and 1; the remaining 3 angles are considered to be al-
ready known: 2 of them are fixed to a small value, θij = 2◦,
and the third one is varied from 1◦ to 60◦. The remain-
ing parameters (those measured in solar and atmospheric
experiments) are taken as follows:

θ12 = 45◦, θ34 = 45◦;
∆m212 = 10−4eV2, ∆m234 = 3.5 × 10−3eV2.

The large mass difference ∆m223 is varied from 10−3 to
102 eV2. At L = 1km matter effects are not relevant, since
such a baseline is short enough to be completely above
ground. We consider 2 × 1020 useful muons per year and
5 years of data taking, with Eµ = 20GeV. For simplic-
ity, the neutrino factory is supposed to be working with
negative muons only.

Sensitivity to sin2 θ23: µ+ appearance

The µ+ appearance channel (the so-called “wrong-sign”
muons) is particularly sensitive to θ23. Figure 3 shows the
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Fig. 3. Sensitivity reach in the sin2 θ23/∆m2
23 plane at different

values of θ13 = 1◦, 10◦, 30◦ and 60◦ for µ+ appearance in the
2 + 2 scheme
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Fig. 4. Sensitivity reach in the sin2 θ13/∆m2
23 plane at different

values of θ23 = 1◦, 10◦ and 30◦ for µ− disappearance in the 2+2
scheme

90% CL exclusion curve in the sin2 θ23/∆m223 plane for
different values of θ13. In the LSND-allowed region (∆m223
in the 10−1–101 eV2 range) the dependence on θ13 is mild:
sin2 θ23 can reach 10−6 for θ13 � 1◦ or 6 × 10−6 for θ13 �
60◦.

Sensitivity to sin2 θ13: µ− disappearance

In Fig. 4 we present the 90% CL exclusion curve in the
sin2 θ13/∆m223 plane, at different values of θ23 = 1◦, 10◦
and 30◦, for the µ− disappearance channel. In [36] it was
observed that this channel proves to be more sensitive to
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Fig. 5. Sensitivity reach in the sin2 θ14/∆m2
23 plane at different

values of θ13 = 1◦, 10◦ and 30◦ for τ− appearance in the 2 + 2
scheme
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Fig. 6. Sensitivity reach in the sin2 θ24/∆m2
23 plane at different

values of θ23 = 1◦, 10◦ and 30◦ for τ− appearance in the 2 + 2
scheme

sin2 θ13 than the µ+ appearance one for small values of
θ23. On the contrary, the µ+ appearance channel has the
larger sensitivity attained for large values of θ23, a scenario
somewhat disfavored by the LSND measurement. In the
µ− disappearance channel, the neutrino factory can put an
upper bound to sin2 θ13 at the 10−4–10−2 level for ∆m223
in the 10−1–101 eV2 range.

Sensitivity to sin2 θ14 and sin2 θ24: τ− appearance

The τ− appearance channel is quite sensitive to both
sin2 θ14 and sin2 θ24. Figure 5 illustrates the sensitivity to
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Fig. 7. Sensitivity reach in the sin2 θ14/∆m2
34 plane (left) and in the sin2 θ24/∆m2

34 plane (right) at the different values of
θ34 = 1◦, 10◦, 30◦ and 60◦ for µ+ appearance in the 3 + 1 scheme

sin2 θ14 as a function of θ13: for about 1◦, sensitivities of
the order of 10−2 are attainable, while for 10◦ values as
small as 4×10−5 can be reached. For even larger values of
θ13 it goes down to 10−6 (we recall that θ13 is not severely
constrained by the Bugey–CHOOZ experimental bounds,
(26)).

Figure 6 depicts the foreseeable sensitivity reach to
sin2 θ24 as a function of θ23: for small values of θ23 the
sensitivity to sin2 θ24 attains a level as low as 10−6.

In contrast, the τ+ appearance channel looks less
promising, for δ3 = 0. Due to the relative negative sign be-
tween the two terms in the analytic expression for P (νe →
ντ ), (7), cancellations for particular values of the angles
occur, resulting in a decreasing sensitivity in specific re-
gions of the parameter space. This sensitivity suppression
is absent in the τ− channel as the relative sign between
the two terms in P (νµ → ντ ), (8), is positive7.

3.2 Sensitivity in the 3 + 1 scheme

In the one-mass dominance approximation, the CP -
conserving parameter space consists of 3 rotation angles
(θ14, θ24 and θ34) and no phases. The useful channels to
measure or put severe upper limits on the gap-crossing
angles at the neutrino factory are (for a µ− decay):

ν̄e → ν̄µ → µ+ (µ+ appearance),

νµ → ντ → τ− (τ− appearance). (40)

We will see in the following that these two channels are
optimal to study the whole CP -conserving 3+1 parameter
space.

7 The same argument holds, albeit interchanging the two
channels, for δ3 = π

We adopt the same approach as for the 2 + 2 scheme:
we vary sin2 θ between 10−7 and 1; the other 2 angles are
considered to be already known: one of them is fixed to a
small value, θij = 2◦, and the second one is varied from
1◦ to 60◦. The remaining parameters (those measured in
solar and atmospheric experiments) are taken, following
[55], as

θ12 = 22.5◦, θ13 = 13◦, θ23 = 45◦;
∆m212 = 10−4eV2, ∆m223 = 3.5 × 10−3eV2.

We consider 2 × 1020 useful muons per year and 5 years
of data taking, with Eµ = 20GeV.

Sensitivity to sin2 θ14 and sin2 θ24: µ+ appearance

The µ+ appearance channel is particularly sensitive to
both sin2 θ14 and sin2 θ24. Figure 7 shows the 90% CL ex-
clusion curve in the sin2 θ14/∆m234 plane (left) and in the
sin2 θ24/∆m234 plane (right) for different values of θ34. The
dependence on θ34 is very mild for small values of θ34. In
the LSND-allowed region, ∆m234 ∈ [10−1, 101] eV2, both
sin2 θ14 and sin2 θ24 can reach 10−4 for θ34 ≤ 30◦ or 10−3
for θ34 � 60◦.

The µ− disappearance channel is not sensitive to θ14,
but can explore approximately the same region as the ap-
pearance channel in the sin2 θ24/∆m234 plane; see Fig. 8.

Sensitivity to sin2 θ34: τ appearance

Both τ appearance channel are equally sensitive to
sin2 θ34, as can be seen in (17) and (18). Figure 9 shows
the 90% CL exclusion curve in the sin2 θ34/∆m234 plane for
τ+ appearance at different values of θ14 (left) and for τ−
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Fig. 8. Sensitivity reach in the sin2 θ24/∆m2
34 plane at different

values of θ34 = 1◦, 10◦, 30◦ and 60◦ for µ− disappearance in the
3 + 1 scheme

appearance at different values of θ24 (right). In the LSND-
allowed region, sin2 θ34 can reach some units in 10−5 for
θ14, θ24 ≤ 30◦ or 10−5 for θ14, θ24 � 60◦.

3.3 Remarks and conclusions on the sensitivity reach

The results of the previous subsections show that a neu-
trino factory with nµ = 2×1020 useful muons per year and
a small detector of O(1) ton size with τ -tracking and (µ, τ)
charge identification capability can severely constrain the
whole four-family model CP -conserving parameter space,
both in the 2 + 2 scheme and 3 + 1 scheme. In the for-
mer, the sensitivity reach to all gap-crossing angles in the
LSND-allowed region is at the level of sin2 θ ≥ 10−6–10−4,
depending on the specific angle considered. In the latter
the sensitivity reach is at the level of sin2 θ ≥ 10−5–10−3,
depending on the specific angle considered, slightly less
than in the 2 + 2 case.

These results can easily be understood in terms of a
simple power counting argument. Consider the gap-
crossing angles equally small, sin θij � ε (with θij some
gap-crossing angle in the 2+2 or the 3+1 scheme). In the
2 + 2 scheme, the CP -conserving transition probabilities
become

P 2+2CP (νe → νµ) = 4ε2 sin2
(
∆m223L

4E

)
+O(ε4),

P 2+2CP (νe → ντ ) = 4ε2 sin2
(
∆m223L

4E

)
+O(ε4),

P 2+2CP (νµ → ντ ) = O(ε4),

P 2+2CP (νµ → νµ) = P 2+2CP (νe → νe)

= 1 − 8ε2 sin2
(
∆m223L

4E

)
+O(ε4).

We notice that, with the exception of νµ → ντ , the tran-
sition probabilities are generically of O(ε2). In the 3 + 1
scheme, on the contrary,

P 3+1CP (νe → νµ) = P 3+1CP (νe → ντ )

= P 3+1CP (νµ → ντ ) = O(ε4),

P 3+1CP (νµ → νµ) = P 3+1CP (νe → νe)

= 1 − 4ε2 sin2
(
∆m234L

4E

)
+O(ε4);

all the appearance transition probabilities are generically
of O(ε4). This explains the (slight) decrease in the sensi-
tivity in the 3+1 scheme with respect to the 2+2 scheme.
The 2 + 2 νµ → ντ case is similar to the generic situation
in the 3 + 1 scheme: Figs. 6 and 9 (right) show the same
sensitivity reach, indeed.

Finally, we also present the MNS mixing matrix in the
two schemes at O(ε):

U2+2 =




1 0 ε ε

0 1 εeiδ3 ε

−ε −εe−iδ3 1 0
−ε −ε 0 1


 +O(ε2), (41)

U3+1 =




1 0 0 ε

0 1 0 ε

0 0 1 ε

−ε −ε −ε 1


 +O(ε2). (42)

We recall that in the 2 + 2 scheme the sterile neutrino
is in the first row, να = {νs, νe, νµ, ντ}, whereas in the
3 + 1 scheme it is in the last one, να = {νe, νµ, ντ , νs}.
We can build the main contributions to the transition
probabilities first writing να, νβ as linear combinations of
mass eigenstates with coefficients given in (41) and (42),
and then computing |〈να(t)|νβ〉|2. In this way it is simple
to derive the behavior of all the transition probabilities
P (να → νβ).

4 CP -violating observables

Genuine CP -violating effects become manifest only when
at least two mass differences are simultaneously non-
vanishing. In the three-family model, the CP -violating
contribution to the oscillation probabilities can be writ-
ten as [56]

✟✟PCP = ±2J (sin 2∆12 + sin 2∆23 − sin 2∆13) , (43)

with J = c12s12c
2
13s13c23s23 sin δ the Jarlskog factor and

∆ij as defined in (3) (the ± sign refers to neutrinos/
antineutrinos). If ∆12 � ∆23, ✟✟PCP is negligible. There-
fore, for three-family neutrino mixing the size of the CP -
violating oscillation probability depends on the range of
∆m212, the solar mass difference. In [33,34] it has been
shown that a maximal phase, |δ| = 90◦, can be mea-
sured at 90% CL if the LMA–MSW solution with ∆m212 ≥
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Fig. 9. Sensitivity reach in the sin2 θ34/∆m2
34 plane at the different values of θ14 = 1◦, 10◦, 30◦ and 60◦ for τ+ appearance in

the 3 + 1 scheme (left) and at the different values of θ24 = 1◦, 10◦, 30◦ and 60◦ for τ− appearance in the 3 + 1 scheme (right)

2 × 10−5 eV2 is considered. For smaller values of the so-
lar mass difference, it seems impossible to measure δ with
the foreseeable beams. However, in the four-family model
the situation is totally different [57]: we can consider CP -
violating observables that do not depend on ∆sol, but on
∆atm and ∆LSND only. Therefore, for four-family neutrino
mixing, large CP -violating effects are possible (depend-
ing on the specific value of the phases δi). In the two-mass
dominance approximation the parameter space consists of
5 rotation angles and 2 phases, both for the 2+2 and 3+1
schemes. In the 2+2 scheme, the CP -violating oscillation
probabilities are given by (11)–(13). We notice that, in
these expressions, the size of the CP -violating probabil-
ity is linearly dependent on the atmospheric mass differ-
ence, ∆34, whereas the location of the maximum depends
on the LSND mass difference, ∆23. Therefore, we expect
a maximum in the CP -violating observable at O(10) km
for neutrinos of Eν = O(10)GeV. With such a short
baseline, matter effects are completely negligible. In the
3 + 1 scheme, (21)–(23), similar results are obtained for
∆atm = ∆23 and ∆LSND = ∆34. This has to be com-
pared with the three-family model, where the size of the
CP -violating probability depends linearly on ∆sol and the
maximum location depends on∆atm: in this case, the max-
imum of the CP -observable is expected at O(1000) km,
and therefore matter effects are extremely important [58].

CP -odd effects are observable in appearance channels,
while disappearance ones are only sensitive to the CP -
even part. The easiest way to measure CP -violation in
oscillations is to build a CP -asymmetry or a T -asymmetry
[30]:

ACP
αβ ≡ P (να → νβ) − P (ν̄α → ν̄β)

P (να → νβ) + P (ν̄α → ν̄β)
, (44)

AT
αβ ≡ P (να → νβ) − P (νβ → να)

P (να → νβ) + P (νβ → να)
. (45)

ACP
αβ and AT

αβ are theoretically equivalent in vacuum due
to CPT , and matter effects are negligible at the short dis-
tances under consideration. Their extraction from data at
a neutrino factory is quite different, though. Consider, as
an example, the (νe → νµ) channel. The CP -asymmetry,
ACP

eµ , would be measured by first extracting P (νe → νµ)
from the produced (wrong-sign) µ−s in a beam from µ+

decay and P (ν̄e → ν̄µ) from the charge conjugate beam
and process. Notice that even if the fluxes are very well
known, this requires a good knowledge of the cross-sec-
tion ratio σ(ν̄µ → µ+)/σ(νµ → µ−). Conversely, the mea-
surement of the T -asymmetry, AT

eµ, requires one to con-
sider P (νµ → νe) and thus a good e charge identifica-
tion, that seems harder to achieve from the experimental
point of view. In the following we will deal only with CP -
asymmetries.

A central question on the observability of CP -violation
is that of statistics. We do not exploit here the explicit
Eν dependence of the CP -odd effect, and we consider the
neutrino-energy integrated quantity:

ĀCP
αβ (δ) =

{N [l−β ]/No[l−α ]} − {N [l+β ]/No[l+α ]}
{N [l−β ]/No[l−α ]} + {N [l+β ]/No[l+α ]} , (46)

where lα, lβ are the charged leptons produced via CC in-
teractions by να, νβ , respectively (the sign of the decaying
muons is indicated by an upper index). N [l±β ] is the num-
ber of CC interactions due to oscillated neutrinos, whereas
No[l±α ] is the expected number of CC interactions in the
absence of oscillations. In order to quantify the signifi-
cance of the signal, we compare the value of the integrated
asymmetry with its error, ∆ĀCP

αβ , in which we include the
statistical error and a conservative background estimate
at the level of 10−5.

In what follows we use the exact expression for the os-
cillation probabilities, thus including the small ∆sol mass
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Fig. 10. Signal-to-noise ratio of the CP -violating asymmetry
in the νe → νµ channel with and without matter effects, for
Eµ = 10, 20 and 50GeV, as a function of the baseline L. The
parameters are ∆m2

sol = 10−4 eV2; ∆m2
atm = 3.5 × 10−3 eV2;

∆m2
LSND = 1 eV2; θ12 = 22.5◦, θ13 = 13◦, θ23 = 45◦; θ14 =

θ24 = θ34 = 5◦; δ2 = 0◦, δ3 = 90◦. The matter parameter,
A = 2Eν(21/2)GFne (with ne the electron density in the earth)
is taken to be constant, A = 1.1×10−4 eV2/GeV. This value is
consistent with a baseline completely contained in the earth’s
crust [59], true for L ≤ 4000 km

difference and the matter effects. The irrelevance of the
latter at the considered baseline can be seen in Fig. 10,
where ĀCP

eµ (δ = 90◦)/∆ĀCP
eµ in the 3 + 1 scheme is pre-

sented: we see that matter effects start to be relevant at
O(1000) km.

Since the matter effects are negligible, the scaling laws
with the muon energy Eµ and the baseline L of the signal-
to-noise ratio of the CP -violating asymmetry in (46) are
equivalent to those obtained in vacuum,

ĀCP
αβ

∆ĀCP
αβ

∝
√
Eν

∣∣∣∣sin
(
∆m2LSNDL

4Eν

)∣∣∣∣ . (47)

4.1 CP -violation in the 2 + 2 scheme

We recall here the results of [36,37], albeit rederived with
slightly different input parameters. In the conservative as-
sumption of small gap-crossing angles, θ13, θ14, θ23 and
θ24, we consider the following values for the parameters
of the MNS mixing matrix in the two-mass dominance
approximation:

θ13 = θ14 = θ23 = θ24 = 2◦; θ12 = 45◦, θ34 = 45◦;
∆m212 = 10−4 eV2, ∆m234 = 3.5 × 10−3 eV2,

∆m223 = 1 eV2; (48)

A = 1.1 × 10−4 eV
2

GeV
.

The detector characteristics have been given in Sect. 2.2.
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Fig. 11. Signal over statistical uncertainty for CP -violation
in the νe → νµ channel in the 2 + 2 scheme, as a function
of the baseline L, for three values of the parent muon energy,
Eµ = 10, 20 and 50GeV. The parameters have been chosen as
in (48), with δ2 = 0◦, δ3 = 90◦

Integrated asymmetry in the νe → νµ channel

In Fig. 11 we show the signal-to-noise ratio of the inte-
grated CP asymmetry, (46), in the νe → νµ channel, as
a function of the distance L for three values of the par-
ent muon energy, Eµ = 10, 20 and 50GeV. Matter ef-
fects, although negligible, are included. For this reason,
we subtract to the total asymmetry ĀCP

eµ (90◦) the matter-
induced asymmetry, ĀCP

eµ (0◦). We notice that a sizable sig-
nal can be reached: for Eµ = 50GeV, approximately 10
standard deviations (sd) at L � 30 km can be attained.
The scaling of the maximum height with the parent muon
energy follows (47) as expected, increasing with E1/2µ .

Integrated asymmetry in the νe → ντ channel

In Fig. 12 we show the signal-to-noise ratio of the sub-
tracted integrated CP -asymmetry in the νe → ντ chan-
nel. The results are pretty similar to those for the νe → νµ

channel, with a slightly smaller significance at the maxi-
mum: for Eµ = 50GeV, ∼ 8 sd can be attained at L �
30 km.

Integrated asymmetry in the νµ → ντ channel

In Fig. 13 we show the signal-to-noise ratio of the sub-
tracted integrated CP -asymmetry in the νµ → ντ chan-
nel. The results are totally different from those relative to
νe → νµ, ντ : for Eµ = 50GeV, ∼ 90 sd can be attained at
L � 30 km.

4.2 CP -violation in the 3 + 1 scheme

In the conservative assumption of small gap-crossing an-
gles, θ14, θ24 and θ34, we consider the following values for
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Fig. 12. Signal over statistical uncertainty for CP -violation
in the νe → ντ channel in the 2 + 2 scheme, as a function
of the baseline L, for three values of the parent muon energy,
Eµ = 10, 20 and 50GeV. The parameters have been chosen as
in (48), with δ2 = 0◦, δ3 = 90◦
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Fig. 13. Signal over statistical uncertainty for CP -violation
in the νµ → ντ channel in the 2 + 2 scheme, as a function
of the baseline L, for three values of the parent muon energy,
Eµ = 10, 20 and 50GeV. The parameters have been chosen as
in (48), with δ2 = 0◦, δ3 = 90◦

the parameters of the MNS mixing matrix in the two-mass
dominance approximation:

θ14 = θ24 = θ34 = 2◦; θ12 = 22.5◦,
θ13 = 13◦, θ23 = 45◦;

∆m212 = 10−4 eV2, ∆m223 = 3.5 × 10−3 eV2,

∆m234 = 1 eV2;

A = 1.1 × 10−4 eV
2

GeV
. (49)

Integrated asymmetry in the νe → νµ channel

In Fig. 14 we show the signal-to-noise ratio of the sub-
tracted integrated CP -asymmetry in the νe → νµ chan-
nel, as a function of the distance L for three values of the
parent muon energy, Eµ = 10, 20 and 50GeV. The results
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Fig. 14. Signal over statistical uncertainty for CP -violation
in the νe → νµ channel in the 3 + 1 scheme, as a function
of the baseline L, for three values of the parent muon energy,
Eµ = 10, 20 and 50GeV. The parameters have been chosen as
in (49), with δ2 = 0◦, δ3 = 90◦
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Fig. 15. Signal over statistical uncertainty for CP -violation in
the νe → νµ channel in the 3 + 1 scheme, as a function of the
baseline L, for three values of the phases, δ2 = δ3 = 15◦, 45◦

and 90◦. The parameters have been chosen as in (49), with
Eµ = 20GeV

are quite similar to those obtained in the 2 + 2 scheme,
although the significance is slightly less: for Eµ = 50GeV,
∼ 6 sd at L � 40 km can be attained.

The most unfortunate case is presented in Fig. 15. We
show the signal-to-noise ratio of the subtracted integrated
CP -asymmetry as a function of the distance L for three
values of the CP -violating phases, δ2 = δ3 = 15◦, 45◦ and
90◦. In the 3+1 scheme the corresponding oscillation prob-
ability, (21), contains three different terms in sin δ2, sin δ3
(with opposite signs) and sin(δ2 − δ3). Therefore, when
δ2 = δ3 a cancellation occurs. This is the reason of the
decrease in the significance for δ2 = δ3 = 90◦ with respect
to the corresponding curve in Fig. 14. For the lowest value
of the phase only ∼ 0.02 sd can be attained.
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Fig. 16. Signal over statistical uncertainty for CP -violation
in the νe → ντ channel in the 3 + 1 scheme, as a function
of the baseline L, for three values of the parent muon energy,
Eµ = 10, 20 and 50GeV. The parameters have been chosen as
in (49), with δ2 = 0◦, δ3 = 90◦
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Fig. 17. Signal over statistical uncertainty for CP -violation
in the νµ → ντ channel in the 3 + 1 scheme, as a function
of the baseline L, for three values of the parent muon energy,
Eµ = 10, 20 and 50GeV. The parameters have been chosen as
in (49), with δ2 = 90◦, δ3 = 0◦

Integrated asymmetry in the νe → ντ channel

In Fig. 16 we show the signal-to-noise ratio of the sub-
tracted integrated CP -asymmetry in the νe → ντ chan-
nel. The results are pretty similar to those for the νe → νµ

channel, with a slightly smaller significance at the maxi-
mum: for Eµ = 50GeV, ∼ 5 sd can be attained at L �
40 km.

Integrated asymmetry in the νµ → ντ channel

In Fig. 17 we show the signal-to-noise ratio of the sub-
tracted integrated CP -asymmetry in the νµ → ντ channel.
Again, as in the 2+2 scheme, the results are totally differ-
ent from those relative to νe → νµ, ντ . For Eµ = 50GeV,
∼ 100 sd can be attained at L � 40 km.
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Fig. 18. Signal over statistical uncertainty for CP -violation in
the νµ → ντ channel in the 3 + 1 scheme, as a function of the
baseline L, for three values of the phases, δ2 = δ3 = 15◦, 45◦

and 90◦. The parameters have been chosen as in (49), with
Eµ = 20GeV

In Fig. 18 we show the signal-to-noise ratio of the sub-
tracted integrated CP -asymmetry as a function of the
distance L for three values of the CP -violating phases,
δ2 = δ3 = 15◦, 45◦ and 90◦. The oscillation probability at
the leading order only depends on sin δ2, see (23). In this
case, for the lowest value of the phase ∼ 10 sd can still be
reached.

4.3 Remarks and conclusions
on the CP -violation observables

The previous results clearly show how a maximal CP -
violation is easily measurable with a not-so-large detector
of 10 kton size, at a baseline L = O(10) km. The optimal
channel to observe CP -violation is the νµ → ντ chan-
nel, where O(100) sd can be attained. Even at lower ener-
gies, ∼ 40–50 sd can easily be found. The number of ex-
pected Nτ± in the detector is of O(105). Notice that in the
νµ → ντ channel a non-maximal CP -violating phase gives
a significance at the level of ∼ 10 sd even for the lowest en-
ergy, Eµ = 10GeV. The other two channels, νe → νµ, ντ ,
are quite similar and give much smaller significance. For
a smaller detector mass M , a reduction factor ∝ 1/M1/2

should be applied to all the results of this section. There-
fore, for an OPERA-like 1 kton detector we still expect
large CP -violating effects in the νµ → ντ channel.

All of these results are obtained in both the 2 + 2 and
the 3+ 1 scheme, with slight differences between the two.
The real gain with respect to the three-family model is
that the small solar mass difference, that modules the
overall size of the CP -violating asymmetry, is traded with
the much larger atmospheric mass difference.

In the three-family model, the largest CP -asymmetry
is expected in the νe → νµ transition. We have shown
that in the four-family model (both in the 2+2 and 3+1
scheme) this is not the case: it is νµ → ντ , the optimal
channel to study CP -violation. The reason can easily be
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understood applying the power counting argument intro-
duced in Sect. 3.3. Neglecting the background, the signal-
to-noise ratio of the CP -asymmetry ACP

αβ /∆A
CP
αβ is

ACP
αβ

∆ACP
αβ

∝ ✟✟PCP (να → νβ)√
PCP (να → νβ)

. (50)

The CP -violating transition probabilities in the ap-
proximation of equally small gap-crossing angles, sin θij �
ε (with θij a generic gap-crossing angle in the 2+2 or the
3 + 1 scheme), in the 2 + 2 scheme become

✟✟P 2+2CP (νe → νµ) = −4ε2 sin(2θ34) sin(δ2 + δ3)

×
(
∆m234L

4Eν

)
sin2

(
∆m223L

4Eν

)
+O(ε4), (51)

✟✟P 2+2CP (νe → ντ ) = +4ε2 sin(2θ34) sin(δ2 + δ3)

×
(
∆m234L

4Eν

)
sin2

(
∆m223L

4Eν

)
+O(ε4), (52)

✟✟P 2+2CP (νµ → ντ ) = −4ε2 sin(2θ34)[sin δ2 + sin(δ2 + δ3)]

×
(
∆m234L

4Eν

)
sin2

(
∆m223L

4Eν

)
+O(ε4); (53)

and in the 3 + 1 scheme become

✟✟P 3+1CP (νe → νµ) = 4ε3 sin(2θ23) sin(δ2 − δ3)

×
(
∆m223L

4Eν

)
sin2

(
∆m234L

4Eν

)
+O(ε4), (54)

✟✟P 3+1CP (νe → ντ ) = −8ε3c223 sin δ3

(
∆m223L

4Eν

)

× sin2
(
∆m234L

4Eν

)
+O(ε4), (55)

✟✟P 3+1CP (νµ → ντ ) = −4ε2 sin(2θ23) sin δ2

(
∆m223L

4Eν

)

× sin2
(
∆m234L

4Eν

)
+O(ε4) (56)

(in this case we have considered s13 ∼ ε also, since the
present experimental results in the three-family model
show that θ13 ≤ 13◦ [55]).

In Table 3 we report the leading order in ε for the dif-
ferent PCP and ✟✟PCP in the three-family model and in
both schemes of the four-family model. In the three-family
case, the small parameter is s13 ∼ ε. In the four-family
case, we consider equally small LSND gap-crossing an-
gles: s13 = s14 = s23 = s24 ∼ ε for the 2 + 2 scheme;
s14 = s24 = s34 = ε for the 3 + 1 scheme. In this last case
we take s13 ∼ ε, also. We also report the leading order in ε
of the signal-to-noise ratio of the various CP -asymmetries,
using (50).

The last column can easily be read: in the three-family
model, the νe → νµ and νe → ντ have a signal-to-noise
ratio of the corresponding CP -asymmetry of O(1) in the
small angles. On the contrary, in both the 2+ 2 and 3+ 1
four-family model, it is the νµ → ντ channel that is to be

Table 3. Small angles suppression in the CP -conserving and
CP -violating oscillation probabilities, and in the signal-to-
noise ratio of the CP -asymmetries, in the three-family model
and in both four-family model mass schemes

Scheme Transition PCP ✟✟PCP A/∆A

νe → νµ ε2 ε O(1)
Three-family νe → ντ ε2 ε O(1)

νµ → ντ 1 ε O(ε)

νe → νµ ε2 ε2 O(ε)
2 + 2 νe → ντ ε2 ε2 O(ε)

νµ → ντ ε4 ε2 O(1)

νe → νµ ε4 ε3 O(ε)
3 + 1 νe → ντ ε4 ε3 O(ε)

νµ → ντ ε4 ε2 O(1)

of O(1) in the small angles, thus justifying a posteriori our
results. As a final remark, notice that the last column for
the 2 + 2 and the 3 + 1 scheme is identical, although the
corresponding CP -conserving and CP -violating probabil-
ities are of different order in the small angles suppression.

5 A magnetized iron detector
with no τ -tracking

In this section we explore the possibility of reconstructing
2 angles or an angle and a phase at a time in a short base-
line experiment, L = 40 km (the distance where the CP -
violating observable of the previous section is maximized).
We focus on the νe → νµ channel and consider a realistic
10 kton magnetized iron detector with µ charge identifica-
tion of the type discussed in [38]. A detailed analysis of the
backgrounds and detection efficiencies of this apparatus
can be found in the literature. The neutrino factory is run
with 2×1020 useful muons per year for 5 operational years
for both muon polarities at Eµ = 50GeV, with a detec-
tor energy resolution of ∆Eν = 10GeV. Our motivation
is the following: is it possible to avoid the complications
connected with the τ detection taking full advantage of
the energy dependence in the νe → νµ channel instead?

We follow the procedure described in [33]: let Ni,p be
the total number of wrong-sign muons detected when the
neutrino factory is run in polarity p = µ+, µ−, grouped in
5 energy bins specified by i = 1 to 5. In order to simulate a
typical experimental situation we generate a set of “data”
ni,p as follows: for a given value of the oscillation param-
eters, the expected number of events, Ni,p, is computed;
taking into account backgrounds and detection efficien-
cies per bin, bi,p and εi,p (as quoted in [33]), we perform
a Gauss (or Poisson, depending on the number of events)
smearing to mimic the statistical uncertainty:

ni,p =
Smear(Ni,pεi,p + bi,p) − bi,p

εi,p
. (57)



194 A. Donini, D. Meloni: The 2 + 2 and 3 + 1 four-family neutrino mixing at the neutrino factory

4.8 5 5.2 5.4 5.6 5.8

�14

5

10

15

20

25

�
3
4

�
68% CL

90% CL
99% CL

Χ2min�1.05

4.8 5 5.2 5.4 5.6 5.8

�24

5

10

15

20

25

�
3
4

�
68% CL

90% CL
99% CL

Χ2min�2.34

Fig. 19. 68, 90 and 99% CL contours resulting from a χ2 fit of θ14 and θ34 (left) or θ24 and θ34 (right). The parameters used
to generate the “data” are depicted by a star: θ14 = 5◦, θ34 = 6◦ (left); θ24 = 5◦, θ34 = 6◦ (right). Only statistical errors are
included
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Fig. 20. 68, 90 and 99% CL contours resulting from a χ2 fit
of s14s24 and θ34. The parameters used to generate the “data”
are depicted by a star, s14s24 = 0.09, θ34 = 5◦. Only statistical
errors are included

The “data” are then fitted to the theoretical expectation
as a function of the mixing matrix parameters under study,
using a χ2 minimization:

χ2 =
∑

p

∑
i

(
ni,p −Ni,p

δni,p

)2
, (58)

where δni,p is the error on ni,p (we include no error in the
efficiencies).

First consider the simultaneous measurement of θ14
and θ24. In the one-mass dominance approximation the
νe → νµ transition probability, (16), depends on the com-
bination s214s

2
24. This term (symmetric under θ14 ↔ θ24)

dominates over the sub-leading ∆m2atm-dependent (non-
symmetric) corrections. Therefore, the energy dependence
of Ni,p is not enough to resolve the 2 angles.

Next, we consider the simultaneous measurement of
θ34 and one of θ14, θ24. We compute the leading corrections
to (16) in powers of ∆m2atm. For vanishing phases and
s13 = s24 = ε, θ23 = 45◦, the leading terms are

P 3+1CP (νe → νµ) = 4ε2s214c
4
34 sin

2∆34

−2c234s34s
2
14ε∆23 sin(2∆34)

+O(ε4) +O(∆223) +O(ε2∆23). (59)

For vanishing phases and s13 = s14 = ε, θ23 = 45◦, the
leading terms are, instead,

P 3+1CP (νe → νµ) = 4ε2c224s
2
24c

4
34 sin

2∆34 +O(ε4)

+O(∆223) +O(ε2∆23). (60)

In Fig. 19 (left) we present the 68, 90 and 99% confidence
level contours for a simultaneous fit of θ14 and θ34 for a
“data” set generated with θ14 = 5◦, θ24 = 2◦ and θ34 = 6◦.
This figure corresponds to (59), where the leading correc-
tion to the one-mass dominance formula is O(ε∆23). In
Fig. 19 (right) we present the 68, 90 and 99% confidence
level contours for a simultaneous fit of θ24 and θ34 for a
“data” set generated with θ24 = 5◦, θ14 = 2◦ and θ34 = 6◦.
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Fig. 21. 68, 90 and 99% CL contours resulting from a χ2 fit of
θ14 and δ3 (left). The parameters used to generate the “data”
are depicted by a star, θ14 = 3◦, δ3 = 50◦. Only statistical
errors are included

This figure corresponds to (60): notice that the O(ε∆23)
correction to the one-mass dominance formula is absent
and the leading corrections start at higher orders. The
sensitivity to θ34 is therefore suppressed with respect to
(59). In summary, θ14 or θ24 are reconstructed with a pre-
cision of tenths of degree; on the contrary, θ34 is measur-
able with a very poor precision in both cases, with slightly
better results in Fig. 19 (left).

We try also to simultaneously fit the combination
s14s24 and θ34. In Fig. 20 we generate the “data” for
s14s24 = 0.09, θ34 = 5◦. As in Fig. 19, we observe that
θ34 is poorly reconstructed, whereas s14s24 is severely con-
strained. Our results seem to indicate that is very difficult
to measure θ34 using the energy dependence of sub-leading
effects in the νe → νµ channel.

Finally, we consider the simultaneous measurement of
a gap-crossing angle (the other 2 being fixed at some
small value) and 1 CP -violating phase. In this case, the
leading correction to the one-mass dominance formula,
(16), is the CP -odd contribution, (21). In Fig. 21 we show
the confidence level contours for a simultaneous fit of θ14
and δ3. The theoretical values for which the “experimen-
tal data” have been generated are θ14 = 3◦, δ3 = 50◦
(θ24 = θ34 = 2◦). We see that the angle is reconstructed
with a precision of tenths of degree, whereas the phase is
measured with a precision of tens of degrees only. This is
precisely the same situation of the three-family results of
[33], however.

6 Conclusions

The ensemble of solar, atmospheric and LSND neutrino
data can be explained with 3 active plus 1 sterile flavor

states. Although the four-family neutrino mass spectrum
preferred by the experimental data is the so-called 2 + 2
scheme (with two almost degenerate pairs well separated
by the LSND mass difference), the latest LSND result
are marginally (at 99% CL) compatible with the 3 + 1
scheme (three almost degenerate neutrinos separated from
a fourth, mainly sterile, one).

In this paper we studied the physical potential of a
neutrino factory in both four-family model schemes, in the
spirit of [36,37] where the 2+2 scheme was carefully exam-
ined. A re-analysis of the 2+ 2 results and a totally novel
analysis in the 3 + 1 scheme has been presented. We have
derived one- and two-mass scale dominance approxima-
tions appropriate for CP -even and CP -odd observables,
respectively, in both schemes.

The rich flavor content of a muon-decay based beam
is extremely useful to determine or severely constrain the
four-family model parameter space: in both schemes, the
sensitivity to gap-crossing angles as small as sin2 θij =
10−6–10−4 (depending on the specific angle) can be
achieved, with a 1 ton detector at L ∼ 1 km down from
the source, for nµ = 2 × 1020 useful muons per year and
5 years of data taking. In the 3 + 1 scheme, we notice a
slight loss in sensitivity with respect to the 2 + 2 scheme,
that we interpret as a consequence of the higher power in
the small gap-crossing angles in the leading terms of the
CP -conserving transition probabilities.

CP -violation may be easily at reach with a 10 kton
detector at L = O(10) km, especially through “τ appear-
ance” signals, in both schemes. The increased significance
of the CP -violating observables with respect to the three-
family model asymmetries is due to the fact that asym-
metries proportional to ∆m2atm are possible, whereas in
the three-family model the CP -violating asymmetries are
proportional to the small ∆m2sol. Moreover, in the four-
family case the asymmetries are modulated by ∆m2LSND,
thus peaking at L = O(10) km; in three families they are
modulated by ∆m2atm and therefore they peak at L =
O(1000) km, thus significantly suffering from matter ef-
fects. On the contrary, matter effects are totally negligible
in the four-family case. We give a simple argument based
again on the power counting of the small gap-crossing mix-
ing angle to explain why in four-family models (both in
the 2 + 2 and 3 + 1 schemes) the νµ → ντ channel is the
optimal one to study CP -violating observables, whereas
in the three-family case νe → νµ seems to be best suited.

Eventually, we consider a 10 kton detector at L =
40 km with only µ charge identification (of the magne-
tized iron type). In this case, we use the energy depen-
dence of the wrong-sign muons to try to simultaneously
reconstruct 2 angles (or combinations of them) or a CP -
violating phase and an angle at a time. Our results sug-
gest that it is not possible to constrain the whole CP -
conserving parameter space using the νe → νµ channel
only. However, we can simultaneously measure 1 angle and
1 phase, with a precision of tens of degrees in the latter.

Summarizing, a neutrino factory has an enormous dis-
covery potential when four-neutrino models are consid-
ered, in both the 2 + 2 and 3 + 1 schemes. If the LSND
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results will be confirmed by MiniBooNE, a muon storage
ring appears to be an extremely powerful facility to per-
form a precision measurement on the whole four-family
model parameter space and most probably the best op-
portunity to discover CP -violation in the leptonic sector.
A (not-so-large) detector with τ -tracking and (µ, τ) charge
identification capability is needed. If MiniBooNE will not
confirm LSND, however, the 3 + 1 scheme will still repre-
sent a possible extension of the standard model and a neu-
trino factory can severely constrain its parameter space.
This cannot be said of the 2 + 2 scheme, that would be
ruled out by a negative result of MiniBooNE.
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